Consider a smooth manifold M with a smooth cometric g * which changes the bilineal type by transverse way, on a hypersurface D ∞ . Suppose that the radical annihilator hyperplane is tangent to D ∞ . We examine the geometry of the (g * -dual) covariant metric g on M − D ∞ , prove the existence of a canonical (polar-normal) vectorfield whose integral curves are C ∞ −pregeodesics crossing D ∞ transversely for each point, and analyze the curvature behavior using a natural coordinates. Finally we give an approach to the conformal geometry of such spaces and suggest some application as cosmological big-bang model.
Introduction
There are several geometrical and physical reasons to study the metrics with signature type changing Lorentz to Riemann (see for example the introductions to [7] , [5] and [8] ). For physical reasons, two proposals for such spacetimes have been advanced:
a) The metric everywhere is smooth but it is degenerate at the hypersurface of signature type change.
b) The metric is everywhere non degenerate but fails to be defined or to be continuous at the hypersurface that divides the Riemannian from Lorentzian region.
There are many articles devoted to the proposal a) (see . [6] , [7] , [1] , [2] ) and some others to proposal b) (see for example [3] , [8] )
In this article we analyze a particular version 1 of proposal b). Here the dual metric g * (but not the metric g) is smooth and well defined on the whole space M and it is of transverse type changing from Lorentz to Riemann trough a hypersurface D ∞ (called polar). We refer these metric g (with certain annihilator condition added) as a Lorentz-Riemann metric with polar end. Its formal definition is displayed at the beginning of the Section 2. The main result of this Section is that the geometry of these space allow to define canonically a polar-normal transversal direction along D ∞ . In Section 3 we prove the existence of an unique pregeodesic crossing transversely D ∞ for any p ∈ D ∞ . Moreover these pregeodesics cross at the polar-normal direction. Then using as parameter of the pregeodesics, the square of the arc length to D ∞ , we may establish by a standard process, a natural coordinate (z 1 , . . . , z m ) system around any point to D ∞ . The partial ∂ zm is then a canonical polar-normal pregeodesic vectorfield. Its flow are called the polar normal flow .
Using the natural coordinates in Section 4, we analyze the behavior near of D ∞ of the semiriemannian curvatures. The conclusions are resumed in Theorem 14.
The Lorentz-Riemann metric with polar end character is preserved by a conformal change. Section 5 is devoted to analyze some aspects of this conformal geometry (M, C). The main result is that fixing any (local) flow which moves D ∞ , there exist a metric g ∈ C such that this flow is the polar normal flow with respect to g. Moreover g is univocally determined around D ∞ . Finally we consider the Lorentzian piece of (M, C) as the causal structure support of a admissible cosmological model where D ∞ means the big-bang singularity, then we speculate with the existence of a metric g ∈ C, such that his polar normal flow moves D ∞ by (simultaneity) hypersurfaces with constant sectional curvature. 
and g * is a (2, 0) tensor over M − D ∞ . We demand:
D1) The dual metric g * of g on M − D ∞ , has smoothly extension to M, and it is transverse type-changing over D ∞ . The transverse type-changing property for the extension means that if (θ 1 , . . . , θ m ) is a coframe on a neighborhood U of p ∈ D ∞ , then If N is manifold (possibly with boundary) denote X (N) the
We will use the following index conventions:a, b, c ∈ {1, . . . , m} varies 1 to m, and i, j, k ∈ {1, . . . , m − 1}. We also use Einstein's summation convention , unless the repeated index is m We will work on a fixed neighborhood of a polar point p ∈ D ∞ of the Riemann-Lorentz space (M, g) with polar end. Without loss generality we will suppose that this neighborhood is the whole space M. Also we may suppose that
, we write τ −1 f ∼ = 0 and we say that τ −1 f is extendible as an element of C ∞ (M).
Polar-adapted frames.
We say that a frame (
where τ = 0 is a equation for D ∞ .
We say that the coframe (
where τ = 0 is a equation for D ∞ . If (θ a ) is coframe Rad * -adapted and (E a ) is the dual frame then (E a ) is polar-adapted frame. In fact (using notation of (??) and (??)) we have:
since β (X α ) = g * (α, β). Analogously
and we conclude that:
Using the tangent annihilator property we conclude that (E i | D ∞ ) is a frame for D ∞ . Thus (E a ) is a polaradapted frame. 
The same arguments show that if (E a ) is a polar-adapted frame then the dual (θ a ) is a Rad * -adapted coframe. We will prove now that it is possible to make a Rad * −adapted coframe (θ i , θ m ) for any fixed µ = θ m :
Proof. We start with an auxiliary Rad * -adapted coframe (θ a ) as in (3) Without lost generality we may write
is Rad * -adapted then the same holds for (µ i , hµ) for any smooth everywhere non-null h. Thus α = X a θ a is orthogonal to µ iff h j X j + X m = 0, and the co-distribution µ ⊥ is generated by the (m − 1)-
which is well-defined also over D ∞ . By application of the the classical orthonormalization Graham Smith process to (ϑ i ) we obtain the desired coframe.
The dual result is the following:
Proof. We start with an auxiliary Rad * -adapted coframe (θ a ) with (polar-adapted) dual frame, (E a ). Thus (g ab ) is as (2) . Writing N = h a E a , transversality implies that h m (x) = 0 for all x ∈ D ∞ .Now taking µ = (τ h i ) θ i + h m θ m we have:
On the other hand we may construct (
then there exist a smooth everywhere non-null h such that τ µ = hτ. Therefore X µ = τ hN m . Comparing with (6) we get that N = hN m . But if (N i , N m ) is polar-adapted, the same is true for (N i , h −1 N m = N).
Corollary 4 Given any vectorfield
Proof. By the theorem there exist a polar-adapted frame (E i , E m = N) as in (2) .Therefore we may write X = X i E i + τ hE m where h is some smooth function on M. Then g (X, N) = X i g im + h which it is a differentiable function.
Remark 5 Using polar-adapted frames (E a ) (as in (2) ) is easily to prove 
2.3
The dual connection near to D ∞ .
First we remark the local nature of the work. In fact we should be replaced in any case M by a suitable neighborhood of a polar point p ∈ D ∞ . We recall (see [4] for more details) that on the Riemann-Lorentz space (M − D ∞ , g) there exists a unique torsion-free metric dual connection, which it is characterized as the unique map :
, the Koszul-like formula:
It follows that is compatible with the Levi-Civita connection
, in the sense that it holds: A B(C) = ∇ A B, C . With respect to the frame (E i , E m ) the dual connection is determined by the Christopher symbols Γ cab = Ea E b (E c ) :
for
..etc. Explicitly:
if the frame is polar-adapted then (g ab ) is as (2) . In particular note that
ab E c , and taking account the look of (τ g ab ) we obtain
because (again by Remark 5) τ g is defined on the whole M. Taking account
we conclude that
However E m (τ )| D ∞ is non null everywhere and
A first consequence of these computations are:
If two of these tree vectorfields are tangent to
Proof. First we take an auxiliary polar-adapted frame (E a ) as in (2) . The assert 1. is an easy consequence of the formula (8), using the general
, and taking account that τ g, τ Γ kmm , τ Γ mij ,...and τ 2 Γ mmm are defined on the whole space M. To prove 2.and 3 note that by the Theorem 3 we may suppose as well (without lost generality) that
Applying (8) gives
by (12). On the other hand if τ Γ kmm | D ∞ = γ k , we write the 1-form claimed in (14):
where θ k ∞ is the dual coframe of (E k | D ∞ ) .This proves 3. We will require the following Lemma 7 For any generic transversal vectorfield Z ∈ X (M) and any smooth ever non null function h we have β Z = β hZ .
Proof. Let X ∈ X (D ∞ ) be a vectorfield and let X ∈ X (M) be such that X D ∞ = X and g X, Z = 0 (thus g X, hZ = 0). We have
2.4 Polar-normal vectorfield.
We say that the vectorfield Z on M is a polar-normal vectorfield if it is transversal to D ∞ and the associated 1−form β Z on D ∞ is identically null. In order to prove the existence of polar-normal vectorfield, we start with an auxiliary polar-adapted frame (E i , E m ) as (2) and let (E
We find a transversal to D ∞ vectorfield
By the Theorem 3, There exist E i such that E i , E m is polar-adapted frame, and we may suppose without lost generality that 
Taking account (18), (19) and (2) we get
Now we compute β Em (E ∞ k ) in order to find λ i 'on D ∞ which makes these values identically null.
Taking account (18) we have:
• Em E m ∼ = 0 by (10)
is the dual coframe of (E a ))
and we conclude using (11) that for some θ ∈ Ω 1 (M):
and taking account (14) and that E k is extension of E ∞ k which it is gorthogonal to E m we have: (17)) and
(by (13)), thus:
and if we want β Em (E ∞ k ) = 0 we must to select λ i such that (see (20))
We are now ready to prove the following main theorem:
Proof. We have already proved the existence of polar-normal vectorfield. Only the second part need be to prove:
Continuing with the previous argument let N = E m be the first polar normal (that is β Em = 0, thus γ k = 0). Using Lemma 7 we may suppose without lost generality that the other polar-normal N = E m = E m + E m is as in (18). Then by (21) and (20) we have:
3 Polar-adapted coordinates.
The objective of this section is to prove that there exist a (essentially unique) C ∞ -pregeodesic line traversing D ∞ for everyone of their points. Moreover each one traverse in the polar normal direction. The proof is analogous to the proof in [6] of the similar result, in the singular context.
Next using these pregeodesics we construct an special C ∞ -polar-adapted coordinates neighboring each point of D ∞ .
Polar-normal pregeodesic.
We start with a polar-normal adapted frame. This means a polar adapted frame (E a ) as in (2) such that E m is polar-normal. In particular if Γ cab =
This symbols controls the Levi-Civita Connection by the formula
Since E m is polar-normal we have
Recollecting the information of (10), (12), (11) and (13) we obtain:
Now we follow analogous argument that in Theorem 2 of [6] :
We fix a coordinate system (x i , x m ) which we suppose global (without loss generality), and take on T M mixed coordinates (x a , u a ), such that the following hold for any ξ ∈ T p M (and any p ∈ M)
Also we have the induced x a , .
x a pure coordinates on T M with
The geodesic spray is the vectorfield Γ on T M whose integral curves project down to the geodesics of M. Using mixed coordinates we may write:
The projection on M of the integral curves of S = τ Γ are pregeodesics and we get:
and using (23) we obtain
we consider now the vectorfields
and still the integral curves of S project down on pregeodesics in M.
and
We linearize S at ξ to obtain D S
dτ ⊗ A + τ DA + DB − DH and taking account (25) and
We remark that we have identify ξ ∈ T M with ξ ∈ T ξ T M through the (
We compute now the eigenspaces to apply later an stable manifold theorem.
It is easy to prove that there exist an eigenvector associated to eigenvalue 2h (p) with the look η = ξ − c i ∂ u i for some constant c i .
Collected the information we have eigenvalues 0, −h (p) , h (p), 2h (p) with multiplicity m − 1, m − 1, 1 , 1respectively. (their are 2m counting their multiplicities). Because the eigenvalue 2h (p) is smaller than (and not equal to) any other negative eigenvalue we conclude (by certain refinement of the stable manifold theorem) that there exist a S-stable line L ⊂ T M with ξ ∈ L and T ξ L = Span (ξ − c i ∂ u i ). The projection L = π L of this stable line sweeps out the smoothly immersed pregeodesic.
The natural equation for
We find a (locally) coordinate system (z a ) such that (
Note that in these coordinates ∂ z m be a polar normal vectorfield and their integral curves γ = γ (s) : {z i = cte, z m = s} are the pregeodesics of the previous section. Thus the z m (= s)-coordinate parametrize the pregeodesic γ in such way that
Therefore as previous question, we analyze the existence of such (canonical) parametrization. Next we will construct from the parameter s (of obvious way) a natural equation (z m = 0) for D ∞ .
We start with a fixed parametrization on the polar D ∞ −transversal pregeodesic γ = γ (t) defined for |t| < ε, with γ (0) = p ∈ D ∞ . Using by example a polar normal vectorfield which has γ as integral curve, is easy to see that the function
, for 0 < |t| < ε, Φ (0) = 0 is a C ∞ -function on the whole interval (−ε, ε) .with Φ ′ (0) = 0 and we may write Φ (t) = tΨ (t)
for some C ∞ -function Ψ such that Ψ (t) = 0 for |t| < ε (suppose for example Ψ (t) > 0) . Let
We find a new parameter s = s (t), with inverse t = t (s), such that the reparametrized curve γ(s) = γ (t (s)) verify (27). Thus
and therefore the function s = s (t) satisfy the differential equation of separate variables ds √ s = ψdt 2 √ t integrating both members we have an explicit solution:
Proof. See appendix Now there exist an unique smooth function z m defined over a neighborhood of D ∞ such that z m (γ (s)) = s, where γ = γ (s) is any normal pregeodesic and s is their natural parameter. Rewriting with more formalism the end of the previous section we may say that:
Remark 10 Using the definition of ψ in (28) we have
For some ε > 0 there exist a smooth function ζ :
∞ with the natural parametrization. Since ζ is non singular at the points (x, 0), we may suppose (replacing M by some neighborhood of D ∞ ) that ζ is diffeomorphism. We write the inverse as ζ
, and the vectorfield ∂ z m defined by
is called polar-normal pregeodesic vectorfield. Note that using an auxiliary polar normal frame (E i , ∂ z m ) and the last equation of (23) (here is τ = z m ) we see that
Moreover by (27) we have
We start now with a coordinate system (x i ) on D ∞ We will prove that the coordinates (z i , z m ) on M where z i = x i • σ, are natural coordinates, that is (g ab ) is as (26). Taking account (31) we have
and therefore, using also (30)
By the Corollary 4, g im is a differentiable function on M. In order to prove that g im = 0, we fix the variables z i . The smooth function φ(t) = g im (z i , t) defined on some open interval around zero satisfy.
the following Lemma proves that but always that φ is identically null
Lemma 11 Let φ : I → R a smooth function defined over some open interval I around zero which satisfy (32). Then φ(t) = 0 ∀t.
Proof. First note that by (32) is φ(0) = 0. Suppose that there exist t 0 ∈ I with φ(t 0 ) = 0 (for example
+ an open maximal interval containing t 0 such that φ(t) > 0for all t ∈ J. Then using the differential equation (32) it is easy to see that there exist a constant C > 0 such that φ(t) = C/ √ t. Then a > 0 (if not lim t→0 + φ(t) = +∞ = 0 = φ(0)), but then φ(a) = C/ √ a > 0 and thus J is not maximal.
Therefore we have established the existence of polar-normal coordinates as explain in the following

Theorem 12 Around each point of
In order to analyze the limiting behavior of the curvatures on M − D ∞ as we approach the polar hypersurface D ∞ , we fix a polar-normal coordinate system (z i , z m = τ ) whose domain is the whole space M (if not we restrict to the domain). Let (g ab ) be as (26) with z m = τ . The inverse is
Recall that here the Christopher symbols are
The covariant Ricci tensor is Ric (A, B) = tr {V → R (A, V ) CB} which has components
c are the components of the contravariant Ricci tensor defined by the identity Ric (A, B) = g (RIC (A) , B) .
Finally the components of the Weil curvature tensor W are:
where S is the scalar curvature.
By inspection of previous formulas we have the following:
Lemma 13 In the local natural coordinates we have:
As consequence we have the following 
Proof. It is straightforward. For example we will prove 2: 
Conformal Geometry.
We consider the conformal class (M, C) of a Riemann-Lorentz space (M, g) with polar end D ∞ . We recall that
We remark that (M, g) is also a Riemann-Lorentz space with polar end D ∞ for any g ∈ C.
Of course the polar-normal pregeodesic introduced in the section 3.1 are not determined by the conformal class C. Also the polar-normal direction on D ∞ is not determined by C. In fact, if (z i , z m ) are the canonical coordinates associated to g, then g = f g with f = f (z i , z m ) > 0, then (∂ z i , ∂ zm ) is still a polar (not orthonormal) frame and (see subsection 2.4)
therefore z m Γ kmm zm=0 may to take any arbitrary value moving f . Of course the polar normal direction remains invariant if ∂f ∂z k zm=0 = 0.
However we will prove that the family of the polar-normal pregeodesics are the same for all the metrics of the conformal subclass
where τ g = 0 is the canonical equation for D ∞ (with respect to (M, g) ) established in section 3.2.Moreover C ′ = C ′ g depends only to the family of the polar-normal pregeodesic and not of the initial metric g. This means that: if g, g ∈ C then g has the same polar normal pregeodesics that g, if and only if g ∈ C ′ g . On the other hand the family of hypersurfaces D ∞ t with equation (τ g = t) depends only to C ′ g . This is the family of the simultaneity hypersurfaces which determines the simultaneity distribution D g . We define a (abstract) simultaneity distribution as a completely integrable (m − 1)-distribution D such that D ∞ is an integral manifold. Let N be an everywhere non isotropic vectorfield on M, transverse to Proof. Fix any g ∈ C and let (z i , z m ) be polar normal coordinates around D ∞ this means that
The non isotropic condition for N assure that 
Proof.
We take an auxiliary metric g ∈ C. By previous Lemma we may select an everywhere non null vectorfield N such that g (N, N) −1 = 0 is an equation for D ∞ , and N ⊥ = D. We fix a point x 0 ∈ D ∞ , and let γ x 0 : (−c, c) → M any regular parametrization of the integral curve α x 0 of N which α x 0 (0) = x 0 = γ x 0 (0) (we may take for example γ x 0 = α x 0 ). Let Σ t the integral manifold of D by γ x 0 (t). For any x ∈ Σ we parametrize the integral curve α x of N by γ x : (−c, c) → M such that γ x 0 (t) ∈ Σ t . Let Φ : Σ × (−c, c) → M be such that Φ (x, t) = γ x (t). It is straightforward to see that Φ is not singular over points of Σ × {0}, and we may suppose without lost generality that Φ is diffeomorphism. Using the inverse Φ 
Remark 18
With the hypothesis of previous theorem, the same argument proves that the class C D of all g ∈ C such that D = D g it is equal to C ′ g . The key is that we are free to parametrize γ x 0 . This means that the previous coordinate x m (and therefore g) is determined up composition by arbitrary diffeomorphism. f ∈ C ∞ (R)
Cosmological remarks.
We consider the conformal class (M, C) of a Riemann-Lorentz space (M, g) with polar end D ∞ . This is the support to a causality structure of the Lorentz component D − . The aim of this section, is to know if it is possible to find a big-bang.cosmologically privileged metric (around D ∞ ). Of Course we must to impose to (M, C) some initial restriction as for example that should be D ∞ conformal flat. We recall that a Robertson-Walker space is a warped product I × f S = (I × S, g RW ) where I = (0, t * ) is an open interval and f : I → R is a smooth function and (S, g S ) is a Riemannian manifold with constant sectional curvature.C 0 Finally
Recall that {t} × S are simultaneity hypersurfaces of constant curvature C (t) = C 0 f (t) −2 . We remark that the flow ζ t : S → {t} × S , x → (t, x) are homoteties of ratio f (t) 2 This suggest that in (M, g), near to D ∞ the metric g c = − (τ g ) g is the cosmologically relevant one. In fact we have: Note that g c induces the same causality structure as [g] on D − . However g c / ∈ C g since τ g is null over D ∞ . Of course the physical relevant metric g c = − (τ g ) g is not determined by the conformal structure C = C g . but neither by the restricted conformal class C 
Appendix
This appendix is devoted to prove the following result:
Lemma 22 Let ψ : I ε = (−ε, ε) → R be a C ∞ -function. Then F (t) defined in I ε as F (t) = ǫ (t) and there exist lim t→0 F 0 ∈ R. Also this proves the existence of F k and G k as in (39) for k = 0. Assuming the existence of B k and G k as in (39), we proceed by induction. In order to construct B k+1 we derive F k and we get: 
adding (41) and (42) we observe that cancel terms in J −1 and we get for
where A k+1 ∈ C ∞ (I ε ) and for some constant coefficients d i :
an this end of the induction argument, and the proof.
